
 Algebradetour

We need to develop some algebraic tools in order to finish the

proof of the Nullstellensatz Specifically we wantto show

The If k is algebraically closed the maximal ideals of ka In
are of the form x a Xu an where ai c k

Note that a HW 2 problem says that those ideals are always maximal

but we want to show that these are exactly the maximal ideals

This theorem does not hold over an arbitrary field

EX x't 1 E IRCx is prime and thus maximal since RED is
a PID

RingstModules

let R be a ringand M an R module

Def M is a finited Rmodule if there are

m Mn E M sit for all men there are a anCR
such that m Eaimi

Now suppose S is a ring RES a subring

We can treat S as an R module but in this special case S is
called an R algebra



Def If S is a finitely generated R module thenS is module finite
or simply finite over R

let v vn cS We denote thesubring generated by R V vn
in 5 by REY VD Roughly this is the ring of polynomials
in v vn with coefficients in R

EX T2 EIR is the setof elements of the form a tbr where

a b c IQ

Def S is ringfinite over R or a finiterated
R ra if 5 REY v forsome V vnES

Ncte If S Rcu vn there is a natural surjection

RCM xn S

where RidR and xi Vi

Def f ERCx is me c if it is of the form x tan ix t tao i e

The initial coefficient is 1

Def Ves is integral over R if there is a monicpolynomial f cRED
set f v O algebraio.it Rand S are fields S is integral
over R if every VES is



Checkmm

1 Module and ring finiteness are both transitive integralityistrickier
seeHw2 Module finite ring finite

We'll soon show that theset of elements integral over R is a subring
in fact a subalgebra of 5 calledthe integration of R in S
If R is an integral domain the integral closure of R without

reference to a bigger ring is the integral closure in its field
of fractions

1 REX is ring finite over 12 but not modulefinite or integral

2 12k Rt RI is modulefinite ring finite and integraloverR

3 R2 F TT is integral over IQ but not ring or

module finite

In fact module finiteness is a stronger condition than integrality
We'll prove a slightly weaker assertion

Pep RES S an integral domain res TFAE

1 v is integral over R

2 REV is module finite over R

3 There's a subring R ES containing Rcu that's



module finite over R

PI 2 ta ht't tan O UiER

V c RtRv t Run1 any power of v is in there

Rcu is module finite

R _RED

3 Suppose R is gen as an R module by W own
Then Wi ai W t tAinWn AijCR

I it fit
VI Caij has Fm in its kernel so it has zero determinant

V t lowerdegterms O v is integral over R D

fer The set of elements of S that are integral over R is a

subring of 8 containing R calledthe integral closure of R ins

Pt a b integral over R

Rca module finite over R and b integral over Rca

Rcab is module finite over Rca andthus over R

If R R a b and v ab on a b and we apply the



Prop V is integral over R D

Cer Suppose S is ring finite over R Then

S module finite over R S integral over R

PI Assume S module finite over R

Then if a cS Rca ES so a is integral over R 3 l

Thus S is integral over R

Nowassume S is integral over R
If we write S REY Vn thenREV is mod finite over R

Assume RCvi VD is mod finite over R

Vrt is integral over Rai Vr so RCU Vk ismodule finite

over REV vn and thus over R

Doneby induction D

Fields
If KEL are fields Kfrc vn is the field of fractionsquotient
field of Kari Vn also the smallest field containing k v vn

Def L is a finitelygenerated fieldextension of K if



K V Tn for some V VnEL

L is an algebraic extension of K if all the elements of L

are algebraic over K

Ex Crs f Q rsl is an algebraicextension of Q
Celts of the form x Brs 9 BEQ1 In fact it's module
finite over Ql

it is not algebraicIQ

Checki If KE L are fields then the elements of K that

are algebraic over K form a subfield

Claim Although k is a finitely generatedfield extension of k
it's not ring finite over k

PI Suppose k x KEY Vn

Then I beKfx s t by cKG H Vi i e Cleardenominators

Let cekCx7 be irreducible s t C doesn't divide b

We can write f as a k linear combination of monomials

in the Vi's

F N o s t BI e k a contradiction D



Claim kCx is its own integralclosure in k x

PI let 2 c k x integral over kC

Thus 2 tan 2 t Tao O ai CKfx

If we write z F f geKED rel prime then multiplying
through by g we get
f tan ith g t aog o g divides the su gek D

divisiblebyg

Now we need one big theorem before we can finish the proof
of the Nullstellensatz

Them let KCL be fields If L is ring finite over K
turn L is module finite and thus algebraic over K

PI let L KEY Vn We'll proveby induction on n

If n l consider K x KEY
x i V

K Vi is a field so KUDEK f f to

Thus f Vi O V is algebraic over K KEY is

module finite over k



Nowassume the statement holds for extensions gen by n I elts

Then L K Y v2 vn is module finite over K Y
L algebraic over K u

Chased v algebraic over K Thin K Y is alg over k

By transitivity of integrality L is algebraic and thus
module finite over K and we're done

Case2im v not algebraic over k

Then K Lx Ek v exercise

Each Vi satisfies Vini aiVini t t Ain O aijek Vi

Choose a c KEV that is a multiple of all denominators of the aij
Multiplying by a we get

avi Aai avi t O where all coeffs are now in KEY

Thus avi is integral over kCud

Moreover for 2c L F N so s t ANZ cKEV Caveaus avn

Thus since integral eits form a ring ANZ is integral overKGB

Set Z I c K v1 where c cKEV is rel prime to a



p

Thin af is integral over KCVD some NSO Su Ent ka
a contradiction by the above claim D

Now we can complete the proof of the Nullstellensatz

theorem If k is algebraically closedand me kCx xD R is a

maximal ideal then m Xi a Xu au where a cK

PI let L Rfm Then L is a fieldand KEL

L is ring finite over k so L is algebraic over k

If 2cL then f Z O some f cKED But k is algebraicallyclosed

so 2 e k Thus L k

Thus for all xi 7 ai c k et Ti a i in L Xi ai em

x a Xu a Em but is maximal so they're equal D


